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1 Introduction

If {a,} is the sequence ay, as, as, ..., ay,,..., then the sum

Zan:a1+a2+a3—|—---—|—an+an+1+---

n=1

is called an infinite series, or simply a series. Often, we can write > - a, as > a,).
The a,, n = 1,2,3,..., are called the terms of the series; a,, is called the general term.
Associated with every infinite series ) | a,, there is a sequence of partial sums {S,} whose

terms are defined by

Sl = aq,

52 = a1 +ags = S1 +(12,
~—
=51

Sz = a1 + ag +az = Sy + as,
s
— 02

=S5,-1+a,, andso on.

The term S, = >." _ a,, = a1 + as + - -- + a, of this sequence is called the nth partial

m=1

sum of the series.

2 Convergent Series

An infinite series >~ a, is said to be convergent if the sequence of partial sums {5, }

converges. That is,

n—oo n—oo

lim S,, = lim Z am = L.
m=1

The number L is the sum of the series. If lim S,, = L does not exist, the series is said to
n—oo

be divergent.
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H EXAMPLE

1
Show that the series Z (

n+4)(n+5)

is convergent.

SOLUTION

Considering the general term of the series:
1
(n+4)(n+5)

ap =

The nth partial sum of the series is

5_1_1+1_1+1_1++1 1
"5 6 6 7 7 8 n+4| n+5
N N—— N~ N——

1

Since

the series converges, and we write

1 1
Z(n+4)(n+5>:5'

REMARK:
Because of the manner in which the general term of this sequence of partial sums “col-

lapses” to two terms, this series known as a telescoping series.

B EXAMPLE
Show that the series Z In(1+1/n) is divergent.

SOLUTION

Partial sum:

S, = iln(l—l—%)

= <ln(m +1)—1In m)
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= (In2—In1)+ (In3—-In2) + (In4 —In3) + --- + (In(n) — In(n — 1))
+ (In(n+1) —Inn)

=—Inl+In(n+1)

=In(n+1) since Inl1=0.

Asn — 0o, n+1— 00,80 S, =In(n+1) = oo. Hence, lim S, = L does not exist,

n—oo
and the series diverges.

B EXAMPLE

3
If S,, denotes the nth partial sum of Z (

3n—2)(3n+1)

, show that

1

h=1— )
S 3n—+1

Deduce that the series converges. What is its sum ?

SOLUTION

Partial sum:

g 3
— (3m —2)(3m +1)
R 1 1
A4~ \3m-2 3m+1
(1 1 . 1 1 n 1 1 n 1 1 n
S\l 4 4 7 7 10 10 13
+ 1 1 n 1 1
n—>5 3n-—2 n—2 3n+1
- 1
N 3n+1
Asn — 00, S, — 1 since #ﬂ — 0. Hence, the series converges to the sum of

L= 1lim S, = 1.

n—oo
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2.1 Geometric Series

A geomelric series is a series having the form

dar"=a+ar+ar’+ar®+ - far" a4

n=0

and its sum,

n—1
Sn:Zarm
m=0
=a+ar+ar*++--+ar"?

:a(l_r> ifr#£1,
1—r

where 7 is the common ratio. The series converges for || < 1 since lim S, =
- n—oo

—r
that 7™ — 0 as n — oo for |r| < 1, and diverges for |r| > 1.

0 EXAMPLE

Determine the nth partial sum of >~ (3/4)"™!, and determine if the series converges.

SOLUTION

Series:
ST 2B Y () () e (B)
=\ 4 4 4 4 4 4

This is a geometric series with a = 3/4 and r = 3/4 < 1. Thus,

s-3(5)

=3(1—(3/4)").
Asn — o0, (3/4)" — 0 (since 3" < 4™), so

lim S, = L = 3.

n—oo

The series converges with the sum of 3.
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2.2 A Test for Divergent

If a,, is the general terms of a series, and .5,, is the corresponding sequence of partial sums,
then a, = S, — S,_1 (since S, = S,_1 + a,).
Now, if the series converges to a number L, we have lim S, = L, and lim S,,_; = L.

n—oo n—oo
This implies that

lim a, = lim (Sn — Sn,l)

n—oo n—oo

= lim S,, — lim S,_;

n—oo n—oo
=L—-L
=0.
That is,
o0
if Zan converges, then lim a, = 0.
1 n—oo
On the other hand, if lim a, = 0, we cannot deduce that the series ) a,, converges. We

n—o0
can at least say that if lim a, # 0, then the series must diverge.
n—oo

Test for a divergence series:

If 7}13;0 a, # 0 then 2; a, diverges.

0 EXAMPLE

n
Consider the series Z —7- Rewriting the general term of the series as
n J—

n

Since

1
lim a, = lim (1 + >

n—o0 n—o0 n—1
=1
# 0,

the series diverges by the nth term test for divergence.
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B EXAMPLE
dn — 1
Consider the infinit i .
onsider the infinite series Z 5n 13
dn —1
Here a, = 5n T3 It follows from the test for a divergent series that this series
n
must diverge, since
dn —1 4—1/n
lim a, = li = lim ——— =4/5#0.
= s ks a7
B EXAMPLE
. . I ..
Consider the p-series, Z vl Since
1
lim a, = lim —
n—o0 n—oo N,
=0,

we cannot conclude whether this series converges or diverges by the nth term test

for divergence.

3 Positive Term Series

A series of the form )" a,, where every a, > 0, is called positive term series. The

n

o1 G (all @y, > 0), is monotonically increasing. That

sequence of partial sums, S, = >

is, S,_1 < S, < Spyq for all n.

There are only two possibilities to consider:

(1) S, increases without bound. That is, S,, — oo as n — oo, and the series must

diverge.

Sn

(2) The partial sums are bounded above by some constant K, such that S, < K for

all n. Hence, S,, must approach to some limit (< K'), and the series must converge

(monotonic convergence theorem,).
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3.1 Comparison Test

It is often possible to determine convergence or divergence of a series » _ a,, by comparing
its terms with the terms of a “test series” > b, that is known to be convergent or divergent.
Suppose Y a, (represents a “smaller series”) and > b, (“larger series”) are two positive

term series, such that

0<a,<b, foralln (oratleast for sufficiently large n.)

o If Y b, converges, then Y > a, converges.

(If the larger series converges, the smaller series must converge).

o If Y  a, diverges, then Y > b, diverges.

(If the smaller series diverges, the larger series must diverge).

P

%z%

n
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Common standard series used for comparison:

o Geometric series:

Zar” converges to 1 T, |r| < 1, and diverges if |r| > 1.
—r

® p-series:
1 1 1 1
=l+=—+=+-+—=+---
np 20 3p np

converges if p > 1, and diverges if p < 1.

1
If p =1, the divergent series Z — is called harmonic series.
n

B EXAMPLE
Test for convergence of
D) Z 3 + 4
SOLUTION
We observe that
n n
< — = — since n® +4 > n? for all n.

nd+4 nd3  n?

1
Because the larger series Z — (p-series, p = 2 > 1) converges, then the smaller
n

n
series Z T4 must converge by the comparison test.
n

B EXAMPLE 1
n(n + 2
Test for convergence of Z —)

SOLUTION
Since In(n +2) > 1 for n > 1, we have
In(n + 2 1
In(n+2) 1
n n
Since the smaller series Z — (p-series, n = 1) is a divergent harmonic series, then

In n+2)

by the comparison test the larger series Z must diverge.
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H EXAMPLE

10 5
Consider the series Z M.

n3
SOLUTION

Since cos(bn) < 1, we have

100 + cos(5n) < 101
N 100 + cos(5n) < 101

n3 n3

101 1
ZF = 1012ﬁ

which is a p-series with p = 3 > 1, is a convergent series, then Z

Since the larger series

100 + cos(5n)
n3
also converges.

3.2 Limit Comparison Test

Suppose Y a, and »_ b, are positive term series, and that

Then,

e if ¢ > 0, then both series either convergent or divergent.
e if c=0and )b, converges, then ) a, converges.

e if c =00 and }_ b, diverges, then > a,, diverges.

The limit comparison test is often applicable to series for which the comparison test is

inconvenient.
B EXAMPLE
n
Test for convergence of —_—
g Z (8715 + 7)1/3
SOLUTION
n
For large n values, the general term of this series a,, = m “behaves” like
n
n n 1

(n5)1/3 T opB/3 T p2/3c
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Let Z b, = Z n2/ be the test series, we have

oy g n n2/3
n1—>r£lo E o n1—>oo ((871,5 -+ 7)1/3 1 )
no/3
= lim —"
n—o0 8n5 + 7)1/3
= lim
n—00 (Sn 7)
1/3
= lim ( 7)
n—oo \8 + =
_ 1/8)1/3
= 1/2.

Here, ¢ = 1/2 > 0, and both series either converge or diverge. Since an =

1
Z 5 52 divergent p-series (p = 2/3 < 1), then Z
n

by the limit comparison test.

n di
W must diverge

B EXAMPLE
n3 + 5n — \/‘+2

Test for convergence of Z s
n

SOLUTION

For large n values, the general term of this series behaves like

n*4+5n—yn+2 n* 1

n®+5 n®  n?
Let Z b, = Z — be the test series (convergent p-series), we have

3 _ 2 2
lima—":lim(n +5n —+/n+ Xn)

n®+5 1

n—oo b n—oo

n® 4 5n3 — nd/2 + 22

= lim

n—00 n5—|—5

T I
= lim =
=1.

) . . 1
Here ¢ = 1 > 0, and both series converge or diverge. Since an = Z 3 con-
n®+5n —/n+2
n®+5

verges, then the series Z
test.

also converges by the limit comparison
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3.3 Ratio Test

Ratio test is useful when a,, involves factorials and nth powers of a constant or n.

Suppose Y a, is a positive term series, such that

. An+1
lim = — 1.

n—o0 a/TL

Then,

e if L < 1, the series converges;
e if L > 1, the series diverges;

e if L = 1, the ratio test is inconclusive (no indication of whether the series converges

or diverges).

B EXAMPLE
57’L
Test for convergence of Z ol

SOLUTION

n
Here a,, = —, then
n!

5n+1
Ap+1 = 77—/

(n+1)!
"5
(n+1)nl’
n |
= lim ntl _ lim (<L X Z)

Since L = 0 < 1, this series must converge by the ratio test.
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B EXAMPLE
nn
Test for convergent of Z T

SOLUTION

n

n
Here a,, = —- Then,
n!

(n/+_1)n+l

(n+1)!
~(n+1n+1)"
 (n+1)n!
(n—l— 1)”

. An41
= lim 2! —
n—0o (O n—ﬂw

= Jim (" )

= lim (1 )

n—oo

Apy1 =

Since L = e > 1, this series must diverge by the ratio test.

B EXAMPLE

SOLUTION

Here a,, =

2n+1
Ut = 00 1+ 2)!
2n+1
T (2n+2)(2n+ 1)(2n)!
271
(n+1)2n+1)(2n)!’
n |
= lim 2 = fim 2 X (2n)
n—oo @,  nooo\(n+1)(2n+1)(2n)! 2n
) 1
im
n—oo (n 4+ 1)(2n + 1)
= 0.

Since L = 0 < 1, this series converges by the ratio test.
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H EXAMPLE

1
The ratio test will give inconclusive answer when applied to a p-series Z —
n

. Ap+41
lim = lim ——
n—0o0 an n—0o0 (n

1)p

3-1-

,_v

= lim
n—oo

n+1

n—l—l)

=1= L for all p values.

= lim
n—00

/\/\

4 Alternating Series

A series having either form,

(_1>n+1 Qn,

NE

a; —as+az—ag+ -+ (=1)"a, + -

S
Il
—

WE

—a;+ay—ag+ayg— -+ (—=1)"a, + - (=1)" ap,
n=1
where a, > 0 for n = 1,2,3,..., and the terms are alternately positive and negative, is
said to be an alternating series. For example,
= (=1)n+t 1 1 1
A T E
; n 2 * 3 4 T
i( 1)nlnn ~In2 In3 In4 Ind
ot n 4 8§ 16 32 ’
= cos(nm = (=) 1 1 1 1
B R A
e+l Pt 2 5 10 17

4.1 Alternating Series Test

Consider the series Z(—l)”“am where each a,, > 0.

If lim a, =0 and a,y1 <a, forall n, then the series converges.
n—oo
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B EXAMPLE
(_1)7’L+1
Show that the alternating harmonic series Z ———— converges.
n
SOLUTION
1 1
Here a,, = —, and a,,.; = ——. We have
n n+1
. .1
lim a, = lim — =0,
n—o0 n—oo N,
and
! < ! = < ay for all
— a a,, for all n.
n+1 n i "
Since lim a, = 0 and a,.1 < a, for all n (a, is monotonically decreasing to zero),
n—oo

it follows that the alternating harmonic series converges.

B EXAMPLE
Test f £y gy Y
est for convergence o Z( ) 1
SOLUTION
1
Here a,, = v and a,1 = nt . To show that the terms of the series satisfy
n+1 n+ 2
the condition a,41 < a,, we let f(n) =a, = v . From
n+1
f'(n) G _d(vn
dn  dn\n+1
B ﬁ(njtl) —/n(1)
N (n+1)2
_ %(n +1)—n
Vvn(n+1)2
%(1 —n)

we can see that f'(n) < 0 for n > 1. That is, function f(n) decreases for n > 1.
Thus, a,.1 < a, is true for n > 1. Also,
N

lim a, = lim =0

Hence, this series converges by the alternating series test.



Lecture Notes — MATHR2118 Further Engineering Mathematics C

B EXAMPLE
2n+1
Consid S D e
onsider Z( ) e
SOLUTION
Since
) 2n +1
lim a, = lim
n—00 n—oo 311 — 1
241
= lim 711
n—oo 3 — pr
=2/3
# 0,

the series diverges by the alternating series test.

4.2 FError in Approximating the Sum of an Alternating Series

Suppose the alternating series Z(—l)”“an, where a,, > 0, converges to a number L. If

Sy is the nth partial sum of the series, and a,1 < a, for all n values, then

‘L — Sn‘ < any1 for all n.

The error of the series is less than the absolute value of the (n + 1)th term of the series.

4.3 Absolute Convergence

If > a, is absolutely convergent, that is, if >_|a,| converges, then > a,, converges.

However, if > |a,| diverges, we cannot deduce that > a,, diverges.

PROOF:

If b, = a, + |ay|, then b, < 2|a,|. Since »_|a,| converges, it follows from the comparison
test that ) b, must converge. Furthermore, Y (b, — |a,|) converges, since both Y~ b, and
>-|an| converge. Therefore, Y a, converges, since > a, = > (b, — |ax|).

B EXAMPLE
n+1

The alternating series Z (_— is absolutely convergent, since
n

1
:Zﬁ

2
)n—l—l

Z‘(_i—

is a convergent p-series (with p =2 > 1).

17



18 Infinite Series

B EXAMPLE
1)n+1
Test f f -
est for convergence o Z SONER
SOLUTION
The series
(_1)n+1
a,| = —_—
Dlanl = 1

1
:ZnQ—i—l
1

is absolutely convergent by the comparison test with the test series Z — (p-series
n

with p =2 > 1), since
1 1

n? " n241

forn > 1.

n

Therefore, this series converges by the absolute convergence theorem.

B EXAMPLE

1+2
Stow that 3~ L2700

is convergent.

SOLUTION

Consider the series:

Z‘l—i—Qsm

Noting that

1 2
Z |1+ 2sin(n (positive term series).

|1+ 2sin(n)| <3 since |sin(n)| < 1,

then
|1+ 2sin(n)| 3

n2

3 1
> 5=
is a convergent p-series (p = 2 > 1), and by the comparison test Z

142
Lﬂ() is absolutely convergent. Hence,

n2’

But, the series

|1+ 2sin(n)|
n2

also converges. This implies that Z’

14 2sin
Z —2() converges by the absolute convergence theorem.
n
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4.4 Conditionally Convergent Theorem

A series ) a,, is said to be conditionally convergent if »_|a,| diverges and ) a,, converges.

0 EXAMPLE

-1 n+1
Consider the alternating harmonic series, E L
n
Let 1 Th 1 d
et a, = —. en, G,i1 = , an
n 1 n+1
1 1
< — sincen+1>mnforn>0.
n—+1 n

Hence a,, 1 < a, for n > 0. Also,

. .1
lim a, = lim — = 0.
n—o00 n—oo N

Therefore, the series converges by the alternating series test. But,
(_1 n+1

MDY e RO

is a divergent harmonic series. Hence, this series conditionally converges.
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5 Review Questions

- 3
[1] If S,, denotes the nth partial sum of , show that
z::l (3m —2)(3m +1)

1
3n+1

Sy =

Deduce that the series converges. What is its sum ?

3m — 2
If S,, denotes the nth partial f how that
2] enotes the nth partia sumoz (mt Dom +2>,s ow tha
1 4
Sp=1 — .
+n+1 n+2

Deduce that the series converges. What is its sum ?

[3] Determine the nth partial sum of each of the following series, and hence determine

whether the series converges:
m+1

m+2

b) Y (3/4)"
n=0

(c) 2—4/3+8/9—16/27+32/81 +--- —

8 ng

(m+1)? . .
For th El ———— show that the nth tial
[] or the series og (m+2) show tha e nth partial sum 1s
n+1
S, =log2 +1 )
og 2 + log !

Deduce that the series converges. What is its sum ?

[5] Use the comparison test to determine which of the following series converge:
n
() 2 o021

1
DV
(c) Z(m+2)( 1)
k+2
Z\/_ k(k+1)2
2k + 3
(e) s
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[6] Determine which of the following series converge:

2

() 5
ObyE

1 .
5

@S2
n 10"
(e) Z m;
) Y =
(nt)*
(5) 2 (2n)!
[7] Determine which of the following series converge:
@ Y=
() (1) g
—1)"
@)Ejilgf
—1)m
@ ¥ e

[8] Show that the series

sin(né cos(nd
SISt

are absolutely convergent for all 6.

[9] Determine, with reasons, which of the following series converge:
1
OB Brrsutl
3n—2
(b) Z(—l)nm ;
2(=1)"
© > T
4m?
(@) >, 5
1
e ——
© Z \4n? + logn
611
(6 >~

21
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6 Answers to Review Questions

3] (a) S, = %[% + (D" (5 — %H)], series converges with a sum of 1/4.

(b) S, =3(1—(3/4)"); series converges with a sum of 3.

(¢) Sp=2(1—(—2/3)"); series converges with a sum of 6/5.
[4] Series converges with a sum of log 2.

[5]

Divergent
Convergent

)
)

(c) Divergent
) Convergent
)

Divergent

) Convergent
b) Divergent

) Convergent
Convergent
Convergent
Convergent

Convergent

) Convergent
) Divergent
(c) Convergent
)

Convergent
[8] Not available.

9] (a) Convergent; comparison test.
(b) Convergent geometric series (common ratio, r = —3/4).

(c) Convegent; alternating series test.

23
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Convergent; ratio test.

Convergent; comparison test.
Convergent; ratio test.

Convergent; ratio test.

Divergent; test for a divergent series.
Divergent; ratio test.

Convergent; ratio test.



